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^ ■ Abstract 



We derive from the super RS algebra the Drinfeld basis of the twisted quantum 
affine superalgebra Uq[osp{2\2)^'^^] by means of the Gauss decomposition technique. 
We explicitly construct a nonclassical level-one representation of Uq[osp{2\2)^'^^] in 
terms of two g-deformed free boson fields. 
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1 Introduction 



The algebraic analysis method based on infinite dimensional non-abelian symmetries has 
proved extremely successful in both formulating and solving lower dimensional integrable 
systems The key elements of this method are infinite-dimensional highest weight 

representations of quantum (super) algebras and vertex operators. Drinfeld bases of quan- 
tum (super) algebras are of great importance in constructing the infinite-dimensional rep- 
resentations and vertex operators. The Drinfeld bases of quantum affine bosonic algebras 
were given by Drinfeld For the case of quantum affine superalgebras, the Drinfeld 
bases have been known only for Uq[gl{m\nY^^] [^, |, Q and Uq[osp{l\2Y^^] 0, |^. In this pa- 
per, we derive the Drinfeld basis of the twisted quantum affine superalgebra Uq[osp(2\2)^'^^] 



1 



by using the super version of the Reshetikhin-Semenov-Tian-Shansky (RS) algebra the 
Gauss decomposition techinque of Ding-Frenkel UTO). Moreover, we exphcitly construct 
a nonclassical level-one representation of Uq[osp{2\2Y'^^] by means of two g-deformed free 
boson fields. 



2 Drinfeld Basis of Uq[osp{2\2) 



(2) 



The symmetric Cartan matrix of the twisted affine superalgebra osj9(2|2)*^^) is {aij) with 
«ii = ^22 = 1, «i2 = = —1. Twisted quantum affine superalgebra f/g[osp(2|2)^^^] is 
a g-analogue of the universal enveloping algebra of osp{2\2)^'^^ and is generated by the 
Chevalley generators {Ei, Fi, Kf^\i = 0, 1}. The Z2-grading of the Chevalley generators 
is [Ei] = [Fi] = 1, [Ki] =0, i = 0,1. The defining relations are 

KjEiKr^ = q--E,, K^F.Kj^ = q-^-F,, 

{E,,F,} = 5,, ^"~^\ (2.1) 
q — q^ 

plus g-Serre relations which we omit. Here {X, Y} = XY + YX. 

Ug[osp{2\2Y'^^] is a Z2-graded quasi-triangular Hopf algebra endowed with the coprod- 
uct A, counit e and antipode S given by 



A{Ei) = Ei0l + Ki0Ei, A(Fi) =Fi0Kr^ + l0 F„ 
A{K,) =K,® K„ e{E,) = e(F,) = 0, e{K,) = 1, 

S{E,) = -Kr'Ei, S{F,) = -FiK„ S{K,) = K-\ 2 = 0,1. (2.2) 

The antipode S" is a Z2-graded algebra anti-homomorphism, i.e. for homogeneous elements 
a,be ?7josp(2|2)(2)], we have S{ab) = {-1)^"^^''^ S (b) S (a) . 

We now give our definition of Ug[osp{2\2)^'^^] in terms of Drinfeld generators. 

Definition 1 f/Josp(2|2)(2)] is an associative algebra with unit 1 and the Drinfeld gener- 
ators: X'^{z) and ip^{z), a central element c and a nonzero complex parameter q. ip'^{z) 
are invertible. The gradings of the generators are: [X^{z)] = 1 and [ip^{z)] = [c] = 0. 
The relations are given by 

ij^{z)^^{w) = iIj^{w)-^^{z), 

^ = iz,+w.q)iz.q + w,) '^ ("^^ 

z±q + w 



{z + wq^'^)X^{z)X^{w) + {zq^^ + w)X'^{w)X^{z) = 0, 
{X+{z),X-{w)}^- L^[<5(^g^)V^+(^+)-<5(-g-)r(^+) 



{q — q ^)zw 
Expand the currents in the form 



z z 



(2.3) 



± „-n-l 



neZ 



= E = exp U(q - q-') i/±„z^") . (2.4) 

neZ \ n>0 / 

In terms of modes {Hn \n G Z — {0}, X^ | n G Z} and /T, the defining relations of 
C/g[osp(2|2)^^)] are given by 



c : central element, 

[K,H^]^Q, KX^K''=q^'X^, 

[Hn, Hn,] = <5„+^,o(-l)"i^^!^, n ^ 0, 

= ± n ^ 0, 

{^n^ ^;;} - (9^^'^-'"^:+^ - J ■ (2.5) 

Here and throughout [i\q = (g* — q~^)/{q — q~^)- 

The Chevalley generators are obtained by the formulae: 

Kr = K, E, = X+, F,=X^, 

Ko^q''K-\ Eo = X^K-\ Fq = . (2.6) 
In terms of the Chevalley generators, the Drinfeld generators can be built up recursively 

by 

Hi = q'2K-\X+X- + X-X+), 

= g-ti^(X+ Xq- + Xo-X+ ), 
^n+i = T?^^[^i,^n], X^^_, = Tq^HH_,,X^J, n>Q (2.7) 
plus the formulae for (n > 0) given as follows 

1 1 pi+2p2-\ \-np„=n P'^- Pn- 

(2.8) 

where 

^|^tn = - Q-')Q^"^^''-'\X^n^i, X^ih n>0. (2.9) 
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3 Derivation of Drinfeld Basis from Super RS Alge- 
bra 



Let us recall the definition of the super RS algebra. Let R{z) G EndiV ® V), where V is 
a Z2 graded vector space, be a R-matrix which satisfies the graded Yang-Baxter equation 



Ri2{z)Ri'i{zw)R2z{w) = R23{w)Ri3{zw)Ri2iz). 



(3.10) 



We introduce g, 0] 



Definition 2 .■ The super RS algebra U{TZ) is generated by invertible L-operators 
which obey the relations 



R{-)Lfiz)Ltiw) = Ltiw)Lfiz)Ri-), 
w w 

R{^)Lt{z)L-{w) = L-{w)Lt{z)R{^: 



(3.11) 



where Lf{z) = L^{z) ® 1, Lf{z) = 1 ® L^{z) and z± = zq^^ . For the first formula 
of l \3.11 ), the expansion direction of R{^) can be chosen in ^ or ^, but for the second 
formula, the expansion direction must only be in —. 



The multiplication rule for the tensor product is defined by 



(a(g)6)(a'®6') 



(3.12) 



for homogeneous elements a, b, a', b' of Ug[osp{2\2Y'^^]. 

In the following we apply the super RS algebra to derive the Drinfeld basis of Ug[osp{2\2)^'^^ 
We take R{^) to be the R-matrix associated to the 3-dimensional representation V of 
Uq[osp{2\2)^'^^. Let t>i, t>2, Vs be the basis vectors of V with the Z2-grading [t>i] = [v^] = 
and [V2] = 1. It can be shown that the R-matrix has the following form: 

/lOOOOOOOO^ 
OaOfoOOOOO 
OOdOcOrOO 
0/OaOOOOO 

OO^OeOcOO , (3.13) 
OOOOOaOfeO 
OOsO^OrfOO 
00000/OaO 
000000001 



R{-] 

w 



where 



d 
f 



e = a 



q{z — w) w{q^ — 1) 

zq^ — w zq'^ — w 

q{z — w){z + qw) 
{zq^ — w){zq + w) 

- 1) 
zq-^ — w 

w\q~l){q+lf z\q-l){q + iy 

s 



q^/'^wiq^ — l)iz — w) 

c = 

{zq^ — w){zq + w) 

zw{q^ - l)(g + 1) 

{zq^ — w){zq + w) ' 



{zq^ — w){zq + w) 



{zq^ — w){zq + wy {zq^ — w){zq + w) 

As in the non-super case P[, L^{z) allow the unique Gauss decomposition 



(3.14) 



L^(z) 



efiz) 





1 



V eJiW ef{z) 1 J 







kfiz) 



A;^('z) 







^ kHz) ) 



( 1 fti^) fUz) \ 



1 




J 



(3.15) 



where ej^j{z), ff^i{z) and kf{z) {i > j) are elements in the super RS algebra and kf{z) 
are invertible; and ef{z) = ef_^_i^i{z), ft{z) = fti+ii^)- Let us define 



^r{z) = e,"(2;+) -e+(2;_). 



(3.16) 



By the definition of the super RS algebra and the Gauss decomposition formula ( p.l5|) 
and after tedious calculations parallel to those of the Ug[osp{l\2Y^^] case, we arrive at 



ktiz)kf{w) 



z^-w^)iz^+w^q) 



{z^q^ - w±){z^q + w±) 
{z± - w^q^){z±q + w^) ^ 



/ 9 M . ^k2{z)k'^{w) 
{z±q^ -w^){z± + w^q) 



kf{w)kf{z), z,j = 1,2,3, 
Ki.w)k't{z), 

KMHiz), 

^^f^k^{w)kHz), 
z^q^ — w± 

(z± - w^){z± + w^q) 



{z±q^ - w^){z±q + w^) 
(% ~w±q'^){z^q + w±) 
{z^q^ - U7±)(z=F + w±q) 



kuwr'kfiz) 

kf{w)kHz), 



kf{z)X^{w)kf{z)-' 



kf{zr^Xt{w)kf{z) 



z±q — w 
q{z± - w) 
Z:^q^ — w 
q{z^ - w) 
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kf 



kf 
kf 
kf 



k^ 



kf 



kf 



z)X^{w)ki{z) 

z)-'Xt{w)kf{z) = 

z)X^{w)kf{z)-' = 

z)-'xnw)kf{z) = 

z)X^iw)ktiz)-^ = 

z)-'X+{w)kt{z) = 

z)X^{w)kf{zr' = 



z)-'X^{w)kf{z) 



z)X-{w)ki{z) 
z)-'xnw)kf(z) = 
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{zzj^q^ - w){z^ + wq) 



q{zzf - w){z^q + w) 
z± + wq 



X+iw), 



+ w 
z^ + 't/;g 

Zz^q + w 
+ w 

z± + wg 
+ w 
% + 

{z±-wq'^){z±q + w] 

q{z±-w){z± + wq) 

- wq^){z^q + 

g(2;=p - + wq) 

z±-wq^ 
-f 

% — 

- w) 



X^{w), 

X+{w), 



Xt{w), 



{z - wq^)Xt{z)X^{w) + q{z - w)X+{w)Xt{z) 
q{z - w)X{{z)X^{w) + {z- wq^)X^{w)X[{z) 
{z + wq^^)X^{z)Xt{w) + {zq^^ + w)X^{w)X^{z) 
{z + wq^')Xi{z)Xf{w) + {zq^' + w)Xi{w)Xi{z) 



0, 
0, 
0, 
0, 



{X^{w),Xnz)} = {q-q-') -6{-q^)kUz+)kt{z^r' 



where 



w 



+5{-q '')k2 {w+)k^ {w+) 



-1 



w 



{X^{w),Xt{z)} = {q-q-') 5{-q^)kt{z^)kt{z^)-' 



w 



5{-q ^)k^{w+)k^{w+) ^ 



w 



{X,{w),Xt{z)} = {q-q-^)q-^-S{-^q^-')kt{z^)kt{z^r' 



w 



{X^{w),X+{z)} = {q-q-^)q^\s{-^q^+^)kt{-z^q)kt{-z+q)-' 

w 



^^^)h{-w+q ^)k^{-w+q- 



5{z) = E ^' 
lez 



(3.17) 



(3.18) 
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is a formal delta function which enjoys the following properties: 



Si-)=S{-), 6{-)f{z) = 6{-)f{w). 
w z w w 

Defining the algebraic homomorphism 

X^iz) = z{q - q-') [xHz) + X^i-zq-') 
ip'iz) = (1 + q~^ - q^)Mz) - M-^Q'^)' 
^+(z) = iJi{z) - (1 + g5 - g"5)^2(_2;g-i) 



(3.19) 



(3.20) 



where 4>i{z) = kf_^-^^{z)k^{z) ^, ipi{z) = k^j^i{z)k^ {z) ^, i = 1,2, then we obtain from 
( p.lTp , the current commutation relations 



4 Level Zero Representation 

We consider the evaluation representation of Ug[osp{2\2Y'^^], where V is the 3-dimensional 
graded vector space with basis vectors vi, V2 and v^. Let Cij be the 3x3 matrix satisfying 
GijVk = SjkVi. In the homogeneous gradation, the Chevalley generators of Ug[osp{2\2)^'^^] 
are represented on by 

El = ei2 - 623, ^^1 = 621 + 632, ^1 = 

Eo = xg-i(-62i + 632), Fo = a;-Vei2 + 623), Ko = q''''+'''. (4.21) 

Let V*^ denote the dual module of Vx, defined by 7iv*{a) = nv{S{a)Y\ On V*^ , the 
Chevalley generators are given by 

El = -(g-V + 632), Fi = g6i2 - 623, irl = g-^"+^^^ 

Eo = -xq-\ei2 + q-'e23), = x-\{-e2i + qe^^), i^o = (4.22) 

The following proposition can be proved by induction. 

Proposition 1 .■ The Drinfeld generators are represented on by 



X- 



and on V*^ by 



Hr, 



x: 



-X" 



m 



en + (1 - (-l)™g™) 622 + 633 



x'" -(-l)"6i2 + g-'"623 



X 



((-l)"621 + g"™632), K = q' 



611—633 



(4.23) 



m 



611 + 1 - {-ly'q-'^n 622 - (-i)^^'g-"'633 



[-irx^q-^^ {q-'^-'e2i + (-1)^632) 
-l)'"s"g-"^ (g~™+l6i2 - (-1)™623^ 



K = q 



-611+633 



(4.24) 



5 Nonclassical Free Boson Realization at Level One 



We use the notation similar to that of [TT|, O, |T3[. Let us introduce two sets of bosonic 



oscillators {an, Cn, Qa, Qc\n £ Z} which satisfy the commutation relations 

[a„,am] = Sn+m,o{~^)"~^^ [o-O^Qa] = I5 

[nf 

[Cn, Cm] = 5n+mfi—^, [Cq, Qc] = 1- (5.25) 

The remaining commutation relations are zero. Introduce the g-deformed free boson fields 



nl 



c(2) =Q, + Colnz-5^^z-" (5.26) 

and set 



a±(z) = ±{q - q-') a±„^^" ± aolng. (5.27) 

n>0 



Then 



Theorem 1 .■ The Drinfeld generators of Ug[osp{2\2Y'^^] at level one have the following 
nonclassical realization by the free boson fields 

X^{z) =: e^'^^^'^^) Y^{z) : (5.28) 
where = g^/^ + g^^^^, F" = l/(g — g"^) and 

Y-{z) = e^(-'?'^'^) + e-<'^~"''\ (5.29) 



This free boson realization is nonclassical in the sense that X-{z) defined by { WM does 
not have classical or g — 1 limit. 

Proof. We prove this theorem by checking that the bosonized currents ( |5.28|) satisfy the 
defining relations ( |2.3| ) of Uq\osp{2\2)^'^'>] with c = 1. It is easily seen that the first two 
relations in (|2.3|) are true by construction. The third and fourth ones follow from the 
definition of X^{z) and the commutativity between a„ and c„. So we only need to check 
the last two relations in ( |2.3| ). 
We write 

Z^{z) =: e^'^^^'T^) : . (5.30) 
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We obtain the operator products 



Z^{z)Z^{w) = {z + q^^w) : Z^{z)Z^{w):, 
Z+{z)Z-{w) = (z + w)-^ : Z+{z)Z-{w) : . 

Y^{z)Y^{w) = ±q^'^{z - w) : e'=(±«'^'^)e'=(±^'^''") : Tq~^'\z - w) : e 



-c(=Fq ^/'^z)^-~-c{Tq ^''^w) 



-1/2 



Y+{z)Y^{w) 



z + q 

-1/2 



1/2 



z ~ q 



. gC(gl/2^)^_c(g-l/2^) 



z + qw 

1/2 



z — qw 



. ^_c{-q-l/2^)gC(-gl/2^) . 



Then the second last relation in (2^) is easily seen to be true, and as to the last relation 
we have 



{X\z),X-{w)] 



I 0-1/2 

^ ^'L_:Z^{z)Z-{w): 



q-q- 



,-1/2 



,1/2 



+ 



{z + w){z — q ^w) {w + z){w — qz) 



1/2 



+ 



"1/2 



{z + w){z — qw) {w + z){w — q ^z) 
^ : Z+{z)Z-{w) : 



gC(gl/2^)^_c(,-l/2^) 



^_c(-g-l/2^)^c(-gl/2^) 



{q — q~^)zw 

W^ ^,W 



- 6{-q-')] : e 



,c(gl/2^) c(g-i/2^) . 



W 



W 



5{--)-5{-q)]:e 



5{-q)-5{-q-')]:Z^{z)Z-{w): 
[q — q )zw \ z z 



1 



{q — q ^)zw 
This completes the proof. 



5{-q)'4j+{wq^l^) - 5{-q-^)i)-{wq~^'^) 
z z 



(5.31) 
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